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Abstract
Using the surface tension energy put in dependence on the number of α-clusters in
the core in a phenomenological model representing a nucleus as a core and a nuclear
molecule on its surface leads to widening the number of isotopes to be described
from the narrow strip of β-stability to the isotopes with N ≥ Z. The number of
alpha-clusters in the molecule is obtained from the analysis of experimental binding
energies and the specific density of the core binding energy ρ and the radii are
calculated. It is shown that for the isotopes of one Z with growing A the number
of alpha-clusters of the molecule decreases mostly to 3 and ρ increases to reach a
saturation value within ρ = 2.5 ÷ 2.7 MeV/fm3 at the β - stable isotopes, so the
narrow strip of the binding energies of the β-stable isotopes with Z ≤ 84 is outlined
by a function of one variable Z.
Key words: nuclear structure; alpha-cluster model; core; Coulomb energy; surface
tension energy, binding energy; charge radius.
PACS: 21.60.-n; 21.60.Gx; 21.10.Dr; 21.60.Cs.
1 The formulas to calculate binding energies and radii
In the representation of a nucleus as a core and a nuclear molecule on the
surface of the core the nuclear binding energies and the radii of β- stable
isotopes are calculated [1]. The calculations are made in the framework of an
α-cluster model based on pn-pair interactions with using isospin invariance
of nuclear force [2,3]. In the framework of the model some parameters like
the binding energy and the energy of Coulomb repulsion between two nearby
clusters had been found to be ǫαα = 2.425 MeV and ǫ
C
αα = 1.925 MeV, so that
the nuclear force energy is to be ǫnucαα = ǫαα + ǫ
C
αα = 4.350 MeV [3] as well as
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the energy of nuclear force of one α-cluster ǫnucα = ǫα + ǫ
C
α = 29.060 MeV [3,4]
where ǫα = E4He = 28.296 MeV and ǫ
C
α = 0.764 MeV.
One of the main findings [3] of the phenomenological model is the formula for
binding energy E of the symmetrical nuclei (N = Z,Z < 30) with the number
of α - clusters Nα = Z/2
E = Nαǫα + 3(Nα − 2)ǫαα, (1)
for the odd Z1 = Z + 1 nuclei the energy E1 = E + 13.9 MeV. It is suggested
that the number of short range links in a nucleus consisting of Nα α-clusters
is 3(Nα − 2) and that the long range part of the Coulomb interactions must
be compensated with the surface tension energy Est. Then with using isospin
invariance of nuclear force the empirical values of the Coulomb energy, the
energy of surface tension and the empirical values of the distance of the po-
sition of the last alpha-cluster Rα in the system of the center of the masses
of the remote Nα − 4 α-clusters have been obtained [3]. From the analysis
of these values the formulas for Coulomb radius RC = 1.869N
1/3
α fm (see (22)
[3]), for the radius of the position of the last α-cluster Rα = 2.168(Nα − 4)
1/3
fm (see (21) [2,3]) have been found. The Coulomb energy of the charge sphere
of the radius RC is E
C = 3/5Z2e2/RC , which after simplifying is 1.848(Nα)
5/3
MeV [3]. The binding energy of the excess nn-pairs for the beta-stable nu-
clei E∆N =
∑Nnn
1 Einn (see (13 ) [3]) where Einn is the binding energy of the
ith nn-pair in the core. The nn-pairs fill out the free space in the core which
appears due to the difference between the charge and the matter radii of an
alpha-cluster. Thus, the binding energy of all β - stable nuclei with an accu-
racy in a few MeV is calculated as the sum E = Enuc+Est−EC+E∆N where
Enuc is the energy of nuclear force in short range links (see (7) [3]).
There is a clear relation between the nuclei A(Z,N) and A1(Z1, N +2) where
Z1 = Z + 1, N is an even number and N ≥ Z [1,2,3]. Then A1 = A + 3. The
nuclei have equal cores with N coreα α - clusters and with the same number of
excess nn-pairs Nnn = ∆N/2, where ∆N = N − Z. The peripheral molecule
on the surface of the core consists of Nmlα α - clusters for the even nucleus
and of Nmlα + 0.5 for the odd nucleus. In case of the nucleus A1(Z1, N + 2)
one neutron is stuck to the single pn-pair. It has been taken into account [1]
that the number of short range links in the core has to be 3(N coreα − 2) + 6,
because the total number of links is 3(Nα−2) = 3(N
ml
α −2)+3(N
core
α −2)+6.
Therefore the energy of six short range links 6ǫαα = 6(ǫ
nuc
αα − ǫ
C
αα) is added
to the binding energy of N coreα α - clusters in calculation of the core binding
energy.
So the binding energies E and E1 of the nuclei A(Z,N) and A1(Z1, N +2) are
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calculated as follows, see (4,5)[1]
E = ENmlα −E
C
Nmlα N
core
α
+ Ecore;E1 = ENml+0.5α −E
C
Nmlα N
core
α
+ Ecore, (2)
where ENmlα and ENml+0.5α are the experimental binding energies of the nuclei
with the total number of alpha-clusters equal to Nmlα and N
ml+0.5
α (for ex-
ample E3 = E12C and E3.5 = E15N), E
C
Nmlα N
core
α
is the energy of the Coulomb
interaction between the peripheral molecule and the core
ECNmlα Ncoreα = 2N
ml
α 2N
core
α e
2/Rα, (3)
Ecore is the core binding energy
Ecore = E∆N + ENcoreα + 6ǫαα, (4)
where the binding energy of excess nn-pairs E∆N =
∑Nnn
1 Einn was approxi-
mated (see (12) in [1]) with the following formula in dependence on the number
of excess nn-pairs Nnn
E∆N = (21.93− 0.762N
2/3
nn )Nnn, (5)
ENcoreα stands for the binding energy of N
core
α of core α-clusters
ENcoreα = E
nuc
Ncoreα
− ECNcoreα + E
st, (6)
where EnucNcoreα = N
core
α ǫ
nuc
α + 3(N
core
α − 2)ǫ
nuc
αα , E
C
Ncoreα
= 1.848(N coreα )
5/3; Est is
the surface tension energy
Est = (Nα + 1.7)(N
core
α )
2/3. (7)
The original formula Est = (Nα + 1.7)(Nα − 4)
2/3 (see (17) in Ref. [1]) was
proposed in Ref. [3] as an approximation function to the factorized sum of the
square radii of Nα−4 clusters for the nuclei with Z ≥ 30. The part (Nα−4)
2/3
is changed here for (N coreα )
2/3. In case when Nmlα =4, eq. (7) and the original
one coincide. So all the formulas are from [1] with one little change in the
formula for the surface tension energy.
For the isotopes of the nuclei with Z,Z1 ≤ 29 the binding energy of the α-
clusters is known from the energy of the symmetrical nuclei with Z = N (1).
So the binding energy for the isotopes is to be trivial E = Nǫα + 3(Nα −
2)ǫαα+E∆N . The energy can be written in the terms of core and a peripheral
molecule (2) with Ecore = N
core
α ǫα+3(N
core
α −2)ǫαα+6ǫαα+E∆N +E
C
Nmlα N
core
α
.
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The energy E (2) for the cases almost does not depend on Nmlα varied within
2 ÷ 5.
Two molecules on the surface of the core, let them consist of Nml1α and N
ml2
α
alpha-clusters, are needed in describing the isotopes with a considerable de-
ficiency of excess neutrons in the nuclei with big Z, see section 2. Then the
binding energy is as follows [1]
E = ENml1α + ENml2α − (E
C
Nml1α (N
core
α +N
ml2
α )
+ ECNml2α Ncoreα ) + Ecore. (8)
For the odd nucleus A1(Z1, N + 2) to calculate E1 one pn-pair is added to
one of the molecules. Here ENml1α is exchanged for ENml1+0.5α . The value Ecore
is calculated by (4) with N coreα = Nα − (N
ml1
α + N
ml2
α ). Unlike [1] the total
number of short links in the core does not depend on whether there is one or
two molecules on the surface of the core.
The following formulas (9-12) have been proposed to estimate radii of the
nuclei A(Z,N) on Nα = Z/2 and the odd nuclei A1(Z1, N + 2) on Nα + 0.5
[1,2,3]. The simplest one for Z,Z1 ≥ 24 is the following
R = rαN
1/3
α . (9)
The core prevails in the cases, so the value rα is to be the charge radius of
a core α-cluster. To define rα the empirical radii in [5], Table IIIA, with 116
data for the isotopes A(Z,N) and A1(Z1, N+2) with Z ≥ 24 have been fitted.
The authors analyze the muonic atom transition energies with using the same
model for all observed there isotopes for the nuclei with Z,Z1 ≤ 60 and 77
< Z,Z1 ≤ 83. The value rα = 1.595 fm has been obtained here with the
rms deviation from the experimental data δ = 0.030 fm. For the 147 isotopes
A(Z,N) and A1(Z1, N + 2) with Z ≥ 6 of the table δ = 0.064 fm.
The charge radius for the nuclei with Z,Z1 ≥ 6 can be estimated from adding
the volumes of the charges of the core and the peripheral molecule [1]
R3 = r34HeN
ml
α + r
3
αN
core
α , (10)
where the radius of a peripheral alpha-cluster r4He=1.71 fm. For the nuclei
without core, i.e. with Nα ≤ 5, N
core
α =0. Fitting the data of the Table IIIA [5]
for the isotopes with Z ≥ 24 with the values Nmlα , obtained from analysis of
binding energies, see section 2, (Nmlα = 3 in most of the cases), gives the value
rα = 1.574 fm with δ = 0.033 fm. As for the isotopes with 12 ≤ Z,Z1 ≤ 23 we
tried Nmlα = 5, which means the nuclear molecule
20Ne for the even isotopes
and 23Na for the odd isotopes. Then for the 147 isotopes with Z ≥ 6 of the
table δ = 0.040 fm.
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Another way to calculate charge radii for the nuclei with Z,Z1 ≥ 6 is the
following [2]
NαR
2 = N coreα (rα(N
core
α )
1/3)2 +Nmlα R
2
α, (11)
where the square core radius and the square distance of the position of the last
α-cluster in the system of the center of mass of the core (for the Z,Z1 ≤ 23
the empirical values Rα are used, see (17) in [3]) are added with their weights
to be equal to the square radius of the nucleus weighed with Nα. In the cases
when N coreα < N
ml
α (Nα < 10 and N
ml
α = 5) the formula is rewritten for the
center of mass of the peripheral molecule. Then Nmlα and N
core
α exchange their
places and rα is replaced with r4He. The value rα = 1.595 fm obtained from
fitting 116 data for the isotopes with Z ≥ 24 of Table IIIA [5] gives δ = 0.038
fm. For the 147 isotopes with Z ≥ 6 of the table δ = 0.040 fm.
The next formula estimates the radii for Z,Z1 ≥ 6 by adding the volumes of
the charge of the peripheral Nmlα α-clusters and the body of the core, consisting
of the volume occupied by the bodies of the alpha-clusters and the volume of
the excess nn-pairs [2]
R3m = N
ml
α r
3
4He +N
core
α (4r
3
p/n) +Nnn(2r
3
n), (12)
where rp/n=0.954 fm stands for the radius of the volume which is one nucleon’s
share in the volume of an α-cluster body, rn =0.796 fm is the radius of one
neutron of a nn-pair. The deviation δ = 0.028 fm from fitting the data of the
isotopes with Z ≥ 24 of Table IIIA [5]. For the experimental radii of the 147
isotopes with Z ≥ 6 of the table δ = 0.037 fm.
One should notice here that the radius of a core α - cluster 41/3rp/n is not
its mass radius. It rather defines the space which can’t be occupied by excess
neutrons, because there is some structure made of pn-pairs. The results of
fitting experimental radii show that the charge radius of an α-cluster slowly
changes with growing Z (otherwise δ would not depend of the group of data
selected for fitting). So does the α- cluster’s body radius.
The real mass radii of all nucleons considered as elementary bricks of a nucleus
should be equal and they can not change, because the binding energies are too
small in comparison with their masses. The well known formula R = r0A
1/3
of the liquid drop model with the fitted value r0 =0.95 fm for the isotopes
with Z ≥ 24 of the Table IIIA [5] gives the considerably bigger deviation δ =
0.067 fm and for 147 isotopes with Z ≥ 6 rms deviation is δ = 0.12 fm, which
is considerably worse than those of the equations (9-12). This clearly shows
that the distances between nucleons in a nucleus are not related to their mass
radii.
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The experimental data of the other isotopes with 60 ≤ Z,Z1 ≤ 77 are pre-
sented in [5] in a separate table, Table IIIC, because they are treated as
deformed ones. The radii for the isotopes calculated by (9-12) with the Nmlα
obtained in the analysis of experimental binding energies (see section 2) are in
an agreement with the data in the table, although they are always less than
the experimental radii on several hundredths of fm.
2 Binding energies and radii of the isotopes with N ≥ Z
For the nuclei with Z,Z1 ≥ 30 the number N
ml
α is found from the analysis of
experimental binding energies [6] with average deviation of calculated energies
from experimental values in 2.5 MeV. Some examples are given in the table in
Appendix. All isotopes with growing the number ∆N have the N coreα increasing
and Nmlα correspondingly decreasing. At β-stable isotopes N
ml
α reaches the
value 2 for some of the isotopes with Z = 38 ÷ 43 and Nml = 4 for some
of the isotopes with 66 ≤ Z,Z1 ≤ 79. For the other β-stable isotopes N
ml
α =
3. The β-stable isotopes with Z,Z1 ≥ 85 have N
ml
α = 4, 5. The calculated
binding energies of the isotopes with 12 ≤ Z,Z1 ≤ 29 do not depend much
on Nmlα varied within 2 ÷ 5. So for the β-stable isotopes of the nuclei with 24
≤ Z,Z1 ≤ 29 it is suggested that N
ml
α equals 3 as it does for the heavier nuclei.
For the light nuclei having core 12 ≤ Z,Z1 ≤ 23 the calculations on (10-12)
with the value Nmlα = 5 give a small deviation δ from the experimental radii.
Spreading the common rule that with growing A the value Nmlα decreases to
3 for these nuclei makes the deviations smaller.
The specific density of core binding energy is calculated as ρ = Ecore/(N
core
α vα)
where Ecore is (4) for the isotopes with Z,Z1 ≥ 30, vα = 4/3πr
3
α at the charge
radius of the core α - cluster rα = 1.595 fm taken from fitting the experimental
radii by (9) and (11). The value ρ grows slowly with the number of excess
neutrons and at β-stable isotopes it reaches a saturation value ρ ≈ 2.6 ± 0.1
MeV/fm3. For example, the β-stable isotopes with Z = 30, 60 and 80 have
Nml= 3 and ρ = 2.48÷ 2.67 MeV/fm3, 2.53÷ 2.63 MeV/fm3 and 2.47 ÷ 2.55
MeV/fm3 correspondingly. Then the narrow strip of binding energies of β -
stability is to be outlined by E (2) with Ecore = N
core
α vαρ. With N
ml
α =3 (for
Z,Z1 ≤ 84) and ρ = 2.55 MeV/fm
3 the binding energy E (2) is a function of
one variable Nα (Z )
E = ENmlα +N
core
α vαρ− 2N
ml
α 2N
core
α e
2/Rα, (13)
where N coreα = Nα − N
ml
α and Rα = 2.168(Nα − 4)
1/3 (for the Z ≤ 22 the
empirical values Rα are used, see (17) in [3]). In Fig. 1 the graph of the function
(13) is given in comparison with the experimental values of the lightest and the
6
Fig. 1. The binding energy of beta-stable isotopes. Dots indicate the experimental
energies of the lightest and the heaviest even beta-stable isotopes. Two lines indicate
the function (13) with Nmlα = 3 and 5.
heaviest even Z beta-stable isotopes depicting the boundaries of β-stability.
The width of the strip is determined by the variation of ρ within 2.5 ÷ 2.7
MeV/fm3 and by the number N coreα . The physical meaning of vαρ=43.34 MeV
is the core binding energy per one α - cluster. Then the number of excess
neutrons of β - stability is defined by (5) and by the eq. E∆N = 43.34N
core
α −
ENcoreα − 6ǫαα.
As it was shown in [1] the binding energies of the excess nn-pairs in β-stable
nuclei obey the eq. (5) with the accuracy in a few MeV. Therefore the energy
E (2,8) with E∆N (5) can be calculated only for those isotopes that have the
excess neutrons inside the core, i.e. for the A ≤ Ast where Ast is the mass
number of the heaviest β-stable isotope among those belonging to one Z.
Examples are given in Table 1 (see Appendix) for the isotopes with Z = 30,
31, 80, 81. For Z = 30 and 31 all the isotopes with N ≥ Z with known energies
are given. One can see that for the isotopes with A > Ast the values of the
nn-pair separation energy EsepNnn = EA′(Z,N+2) − EA(Z,N) less than ENnn (5). It
allows one to suggest that the nn-pairs come out of the core not affecting the
core density. In such cases the binding energy is equal to the sum of E (2) for
the isotope Ast and
∑
Esepinn of the last nn-pairs.
One can see that EsepNnn for both isotopes A(Z,N) and A1(Z1, N + 2) in most
of the cases are almost equal. It approves the idea that the cores of the nuclei
with Z and Z1 are mostly equal. One can see from Table 1, that the separation
energies EsepNnn for the most of the pairs of A(Z,N) and A1(Z1, N + 2) differ
within 1 MeV. It allows one to make a prediction for some isotopes with
A > Ast, when the energy of the complementary nucleus has been already
measured. Some of the predicted values are E123(45,78) =1007 MeV, E126(46,80)
= 1034 MeV, E139(51,88)= 1132 MeV, E145(53,92) = 1171 MeV, E148(54,94) = 1193
MeV, E189(73,116)=1500 MeV, E193(75,118)=1529 MeV, E175(81,94)=1348 MeV,
E261(101,160)=1929 MeV.
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In accordance with the representation of a core as a liquid drop one can suggest
that the excess nn-pairs concentrate inside the core near its surface due to the
surface tension, so that the filling out the space inside the core goes from
surface to center. The very first nn-pairs can be at the boundary of the core
defined by core’s charge radius. Therefore for the isotopes lighter than stable
ones the equations (9-11) should predict the charge radii. For the β - stable
isotopes and the heavier ones with the nn-pairs out of the core one should
use (12) to estimate the nuclear size. Then the nuclear radii with growing A
should first decrease with decreasing Nmlα till the stable isotopes, which have
approximately equal radii calculated by (9-12). For the heavier isotopes the
radii slowly increase (12) with growing A because of the growing amount of
nn-pairs on the surface of the core.
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3 Appendix
Table 1. Binding energies and radii of the isotopes with Z=30, 31, 80, 81.
∆N is the number of excess neutrons in the core. Eexp is from [6], E
sep
nn is the
separation energy of the last nn-pair, Nmlα is the number of alpha-clusters
out of the core, Rexp is from [5]. * indicates a β-stable nucleus
Z ∆N A Eexp E
sep
nn N
ml
α E (2,8) Rexp R(12) R(11) R(10) R(9)
MeV MeV MeV fm fm fm fm fm
30 0 60 515 0 3 514 3.841 3.914 3.954 3.934
31 0 63 541 0 3 538 3.897 3.949 4.006 3.977
30 2 62 538 23 3 535 3.864 3.914 3.954 3.934
31 2 65 563 22 3 559 3.919 3.949 4.006 3.977
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Z ∆N A Eexp E
sep
nn N
ml
α E (2,8) Rexp R(12) R(11) R(10) R(9)
MeV MeV MeV fm fm fm fm fm
30 4 *64 559 21 3 556 3.928 3.886 3.914 3.954 3.934
31 4 67 583 20 3 579 3.941 3.949 4.006 3.977
30 6 *66 578 19 3 575 3.948 3.908 3.914 3.954 3.934
31 6 *69 602 19 3 599 3.996 3.962 3.949 4.006 3.977
30 8 *68 595 17 3 594 3.965 3.930 3.914 3.954 3.934
31 8 *71 619 17 3 618 4.011 3.984 3.949 4.006 3.977
30 10 70 610 16 3 613 3.983 3.952 3.914 3.954 3.934
31 10 73 635 16 3 636 4.005 3.949 4.006 3.977
30 12 72 626 16 3 3.973 3.914 3.954 3.934
31 12 75 650 16 3 4.025 3.949 4.006 3.977
30 14 74 640 14 3 3.995 3.914 3.954 3.934
31 14 77 663 13 3 4.046 3.949 4.006 3.977
30 16 76 652 13 3 4.015 3.914 3.954 3.934
31 16 79 676 13 3 4.067 3.949 4.006 3.977
30 18 78 663 11 3 4.036 3.914 3.954 3.934
31 18 81 688 12 3 4.087 3.949 4.006 3.977
30 20 80 674 11 3 4.057 3.914 3.954 3.934
31 20 83 695 7 3 4.107 3.949 4.006 3.977
30 22 82 681 7 3 4.077 3.914 3.954 3.934
31 22 85 702 7 3 4.127 3.949 4.006 3.977
80 12 172 1327 3+3 1327 5.362 5.512 5.458 5.455
81 12 175 3+3 1349 5.391 5.536 5.486 5.477
80 14 174 1348 21 3+3 1343 5.373 5.512 5.458 5.455
81 14 177 1369 3+3 1367 5.385 5.522 5.474 5.477
80 16 176 1370 22 2+3 1369 5.367 5.498 5.446 5.455
81 16 179 1390 21 2+3 1392 5.396 5.522 5.474 5.477
80 18 178 1390 20 2+3 1386 5.379 5.498 5.446 5.455
81 18 181 1410 20 2+3 1409 5.408 5.522 5.474 5.477
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Z ∆N A Eexp E
sep
nn N
ml
α E(2,8) Rexp R(12) R(11) R(10) R(9)
MeV MeV MeV fm fm fm fm fm
80 20 180 1410 20 1+4 1411 5.391 5.498 5.446 5.455
81 20 183 1430 20 1+4 1431 5.419 5.522 5.474 5.477
80 22 182 1430 20 1+4 1427 5.402 5.498 5.446 5.455
81 22 185 1450 20 1+4 1448 5.431 5.522 5.474 5.477
80 24 184 1449 20 1+3 1450 5.396 5.485 5.433 5.455
81 24 187 1468 18 1+4 1463 5.425 5.509 5.461 5.477
80 26 186 1467 18 1+3 1466 5.408 5.485 5.433 5.455
81 26 189 1487 19 1+3 1489 5.436 5.509 5.461 5.477
80 28 188 1485 18 1+3 1480 5.419 5.485 5.433 5.455
81 28 191 1504 17 1+3 1504 5.447 5.509 5.461 5.477
80 30 190 1502 17 4 1505 5.431 5.485 5.433 5.455
81 30 193 1526 22 4 1525 5.459 5.509 5.461 5.477
80 32 192 1519 17 4 1519 5.442 5.485 5.433 5.455
81 32 195 1539 13 5 1536 5.487 5.522 5.474 5.477
80 34 194 1535 16 4 1533 5.453 5.485 5.433 5.455
81 34 197 1555 16 4 1553 5.481 5.509 5.461 5.477
80 36 *196 1551 16 3 1554 5.448 5.475 5.421 5.455
81 36 199 1571 16 4 1566 5.492 5.509 5.461 5.477
80 38 *198 1566 15 3 1567 5.448 5.459 5.475 5.421 5.455
81 38 201 1586 15 3 1590 5.487 5.499 5.449 5.477
80 40 *200 1581 15 3 1580 5.457 5.470 5.475 5.421 5.455
81 40 *203 1601 15 3 1603 5.472 5.498 5.499 5.449 5.477
80 42 *202 1595 14 3 1592 5.467 5.481 5.475 5.421 5.455
81 42 *205 1615 14 3 1615 5.483 5.509 5.499 5.449 5.477
80 44 *204 1609 14 3 1604 5.478 5.492 5.475 5.421 5.455
81 44 207 1628 13 3 1627 5.520 5.499 5.449 5.477
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